We proceed further with a study of open supermembrane on the AdS 4/7 ×S 7/4 backgrounds.
Introduction
Supermembrane [1, 2] plays a fundamental role in a promising formulation of M-theory [3] . The discrete light-cone quantized M-theory is considered to be described by a matrix model [3] , which is also obtained by dimensionally reducing the ten-dimensional super Yang-Mills theory to one dimension. On the other hand, an open supermembrane was considered in [4] and [5] .
It has Dirichlet p-branes for p = 1, 5 and 9 like D-branes in superstring theories. The p = 5 and p = 9 cases correspond to an M5-brane and the end-of-the world 9-brane in the HoravaWitten theory [6] , respectively. An M2-brane ending on an M5-brane on general supergravity backgrounds was also discussed within the context of the superembedding in the work of Chu and Sezgin [7] , where the κ-invariance of an open M2-brane may govern the dynamics of M5-branes.
The light-cone gauge has been used for most of those studies of strings, membranes and D-branes on pp-waves, and so the analyses of them are not covariant. A light-cone analysis of an open supermembrane * on the maximally supersymmetric pp-wave background in eleven dimensions was also carried out in [11] . A covariant approach to study D-branes in flat space was proposed by Lambert and West [14] . The covariant approach can be applied to the type IIB strings [15, 16] and the type IIA strings [17] on pp-waves, which are given by Bain-PeetersZamaklar [18] and Hyun-Park-Shin [19] , respectively. The S 1 compactification of M5-brane and 9-brane attached to an open supermembrane gives D4-brane and D8-brane, respectively, allowed in type IIA pp-wave background [17] . D-branes on a type IIA pp-wave background are intensively studied in [20] . The method of [14] is applicable to classify possible configurations of 1/2 supersymmetric (SUSY) Dirichlet branes of an open supermembrane on the pp-wave [21] .
The 9-brane coupled to an M2-brane on the pp-wave was considered in a study of a heterotic plane-wave matrix model [22] .
The covariant approach is also applicable to the AdS backgrounds, as well as pp-waves. In fact, we have extended the work [21] to supermembranes on the AdS 4/7 × S 7/4 backgrounds [23] in our work [24] . As a matter of course, the results in the AdS cases are related to those in the pp-wave through the Penrose limit [25, 26] (For Penrose limit of superalgebra, see [27] ). * Matrix model on the eleven-dimensional pp-wave background [8] was proposed by Berenstein-MaldacenaNastase [9] and the spectrum of this matrix model was studied in [10] . In [11, 12] supermembrane theory on the pp-waves which is related to the matrix model via the matrix regularization [2] , is discussed from several viewpoints. For a relation to the eleven-dimensional supergravity, see [13] .
Notably, the classifications of 1/2 SUSY Dirichlet branes agree with the results of the brane probe analysis given by Kim and Yee [28] . Similarly, we can discuss D-branes of covariant AdSsuperstring [29] . The Penrose limit of the classification obtained in [29] recovers that in [18] .
These results are also consistent to the brane probe analysis given by Skenderis and Taylor [30] .
Here we should recall that the classifications of possible configurations of 1/2 SUSY Dirichlet
branes of an open supermembrane in AdS and pp-wave have been given by the fourth order analysis of a fermionic variable θ . In this paper we show that our classification result is still valid even at full order of θ . This proof makes the classification of 1/2 SUSY Dirichlet branes complete. This proof follows our previous work [31] , where the full order proof was given in the case of AdS-string. We also discuss an open M5-brane on the AdS 4/7 × S 7/4 by using the covariant Pasti-Sorokin-Tonin (PST) [32] type action proposed by Claus [33] and following our strategy. As a result, we see that no 1/2 SUSY Dirichlet brane of an open M5-brane on the AdS 4/7 × S 7/4 is allowed. This is the case even in flat space.
This paper is organized as follows: Section 2 is devoted to a setup for our consideration later.
We introduce an open supermembrane on the AdS 4/7 × S 7/4 and the classification of 1/2 SUSY Dirichlet branes at the fourth order of θ is summarized. In section 3, we show that the classification reviewed in section 2 is still valid at full order of θ . It is also shown that the classification of 1/2 SUSY Dirichlet branes in the pp-wave case holds at full order of θ .
In section 4, we discuss the κ-invariance of an open M5-brane on the AdS 4/7 × S 7/4 . We see that no 1/2 SUSY Dirichlet brane is allowed to exist. Section 5 is devoted to a conclusion and discussion.
2 Dirichlet Branes of Open Supermembrane on AdS 4/7 ×S
7/4
In this section we will introduce the action of an open supermembrane on the AdS 4/7 × S 7/4 [23] and review the classification of 1/2 SUSY Dirichlet branes [24] .
Covariant Action of M2-brane on AdS 4/7 ×S

7/4
The supermembrane action [1, 2] on the AdS 4/7 × S 7/4 backgrounds was proposed by de WitPeeters-Plefka [23] . It consists of the Nambu-Goto part and the Wess-Zumino term:
The Nambu-Goto part is represented, using the induced metric g ij on the world-volume of membrane, by
where G M N is a target space metric and Z M = (X M , θ α ) is a target superspace coordinate.
We have also introduced the pull-back supervielbein
WZ and each part is given by, respectively,
Supervielbeins on the AdS 4/7 × S 7/4 can be obtained via the coset construction with the coset supermanifolds:
,
Parameterizing the manifolds as g(X, θ) = e P X e θQ , we obtain the expression of supervielbeins:
where we have introduced the following quantities: 
Classification of Dirichlet Branes in AdS 4/7 ×S
7/4
In order to make the present paper self-contained, we shall briefly review the classification of Dirichlet branes of an open supermembrane on the AdS 4/7 × S 7/4 [24] given at the fourth order of θ .
Possible Dirichlet branes can be classified by examining the κ-invariance of the covariant open supermembrane. The covariant supermembrane action is invariant under the κ-variation defined as
In the open membrane case, the κ-transformation of the action leads to surface terms and so we need to impose boundary conditions on the boundary of the open membrane world-volume.
The covariant action is written as
WZ . When we perform the κ-transformation, the surface terms appear from the L 0 WZ only. The Nambu-Goto part L NG does not contribute to the surface term, because
Moreover, we can make the surface term of the variation δ κ L bose WZ vanish by having additional gauge degrees of freedom at the boundary.
It is the place to introduce boundary conditions. In the case of Dirichlet p-branes, boundary conditions for bosonic variables are usual Neumann and Dirichlet conditions described as Neumann condition :
Dirichlet condition :
where ∂ t and ∂ n are derivatives with respect to tangential and normal directions, respectively.
It is also necessary to take the boundary condition for fermionic variable θ as
Here we have introduced projection operators:
The requirement that P ± are projection operators restricts the value of p as p = 1, 2 mod 4 .
Tab. 1: Classification of 1/2 SUSY Dirichlet branes sitting at the origin. Now let us overview our previous analysis and the result at the fourth order of θ. First, in order to ensure the κ-symmetry, we need the vanishing condition
This condition restricts the dimension of Dirichlet p-branes to be p = 1, 5, 9 only. Thus, we have rederived the well-known result in flat space [4, 5] .
Second, we have the conditions to preserve the κ-symmetry intrinsic to the AdS geometry:
This condition leads to the further restriction for the possible configurations of Dirichlet branes.
As a result, the world-volume directions of Dirichlet branes are constrained so that the number
The additional surface term coming from the κ-variation of the Wess-Zumino term including M 2 leads to the condition:θ
But this condition is satisfied under the above condition. Moreover, the surface term also appears from the κ-variation of the Wess-Zumino term including spin connections, and gives the conditions:θ
These are satisfied for branes sitting at the origin (i.e., X A = 0) . It should be noted that no Dirichlet brane can exist outside the origin.
When we use (m, n) to express the number of Neumann directions in (AdS 4 ,S 7 ) or (S 4 , AdS 7 ) , the possible configurations of 1/2 SUSY D-branes sitting at the origin are summarized in Tab. 1. This result is based on the fourth order analysis with respect to θ, but we will see that it is still valid even at full order in the next section.
Validity of the Classification at Full Order of θ
In the previous section, we have reviewed the classification of possible 1/2 SUSY Dirichlet brane of an open supermembrane on the AdS 4/7 × S 4/7 at the fourth order analysis of θ . In this section we will show that the classification is still valid even at full order of θ . The full order proof for the covariant analysis of D-branes of an AdS-string has been given in [31] . The method used for this proof is also applicable to the open supermembrane case.
The full order proof consists of two important key relations which hold under the 1/2 SUSY conditions obtained at the fourth order analysis. These conditions ensure that higher order terms do not affect the fourth order result. That is, the contribution from higher order terms in θ should vanish under the 1/2 SUSY conditions. Now let us begin with the surface term under the κ-variation at full order of θ:
where we note that δ κ E A t produces no surface term. We take θ = P + θ as the fermionic boundary condition below, for concreteness. This surface term vanishes under two relations:
2)
because we can rewrite the full order surface term (3.1) as follows:
It should be noted that the t-integral contributes to a numerical coefficient of each term in the Wess-Zumino term and it does not affect our consideration below.
We will prove the important equations (3.2) and (3.3) under the 1/2 SUSY conditions.
Proof of (3.2)
Let us show that (3.2) should hold under the 1/2 SUSY conditions for Dirichlet p-branes (p = 1, 5 and 9) .
First, we will show the equation,
The l. h. s. of (3.4) can be rewritten as
where we have used Dirichlet condition (2.8) , ∂ t X M e A M = 0 in the first equality, and the identity
in the last equality. The relation (3.6) follows from
where the number of Neumann directions in {a 1 , · · · , a 4 } is odd. We notice that (3.5) vanishes if
The relation (3.8) can be shown as follows In addition, we can easily see that ∂ t θ α E A α = 0 as follows:
Plugging (3.4) with (3.10) , we obtain that
and so the relation (3.2) has been proven.
As a final remark in this subsection, we should note that the relation (3.2) means that Dirichlet branes are static. This fact is consistent to the 1/2 SUSY conditions. Next, we will show the second relation (3.3) .
Proof of (3.3)
Here we will show the relation (3.3) under the 1/2 SUSY conditions.
First of all, we will show the relation,
The definition of κ-variation,
where
14)
The recursive relation (3.13) leads to the following expression:
so that we have 
Here we have used the following relation:
Thus, we have shown that (3.11) is satisfied.
Next we shall prove
This relation (3.19) follows from
where we have used (3.11) and the vanishing spin connection ω Furthermore, we can show that
Combining (3.11) and (3.21), we find that
and so we have finished the proof of (3.3) .
Thus, we have shown two key relations (3.2) and (3.3) . Namely, the classification of 1/2 SUSY Dirichlet branes on the AdS 4/7 × S 7/4 has been completed in the present.
Validity of the Classification in PP-wave Case
Here we shall consider the Dirichlet branes of an open supermembrane on the maximally supersymmetric pp-wave background. These are discussed in our previous work [21] , and the possible configurations of 1/2 SUSY Dirichlet branes sitting at and outside the origin are summarized in Tabs. 2 and 3, respectively. While the pp-wave background is obtained from the AdS 4/7 × S 7/4 via a Penrose limit [25, 26] , the classification of the allowed Dirichlet branes on the pp-wave is realized from that on the AdS 4/7 × S 7/4 . The classification result in the pp-wave case is also based on the fourth order analysis with respect to θ . Then we will prove that it is also valid at full order of θ .
The scenario of the full order proof is almost the same as in the case of AdS 4/7 × S 7/4 . So, we do not carry out the proof explicitly, but only the difference between the AdS 4/7 × S 7/4 and pp-wave cases should be explained. The difference is as follows: • The indices (a 1 , . . . , a 4 ) in the AdS 4/7 × S 7/4 are replaced by (+, 1, 2, 3) .
• 
First, we note that the first difference does not change the scenario of the proof. Then the replacement of the spin connection also makes no change at the origin because the spin connections in both AdS 4/7 × S 7/4 and pp-wave vanish at the origin. The main difference appears in the analysis outside the origin. In the pp-wave case, the spin connection is almost zero and the non-vanishing component is ω r− + only. Hence the spin connection does not so severely restrict the brane configuration outside the origin. In fact, we found that several 1/2 SUSY Dirichlet branes can exist outside the origin in comparison to the AdS 4/7 × S 7/4 cases.
So, from now on, let us focus on the validity of 1/2 SUSY Dirichlet branes sitting outside the origin. In the case that both +-and −-directions satisfy the Dirichlet condition, the condition ω
= 0 is trivially satisfied since the +-direction is a Dirichlet one. The remaining part we need to consider is a configuration of (+, −; 0, 0) . The condition Γ 1···9 θ = θ leads to Γ +− θ = θ via the relation Γ 01···910 = I 32 . Then we obtain the relation
It follows that equations (3.9), (3.18) and (3.20) are satisfied by the (+, −)-string sitting outside the origin. Hence the configuration of (+, −)- The covariant M5-brane action in flat space was proposed by Pasti-Sorokin-Tonin (PST) [32] .
Then Claus constructed the PST action of an M5-brane on the AdS 4/7 ×S 7/4 [33] . The covariant action of M5-brane consists of two parts as
The L 0 part is Dirac-Born-Infeld (DBI) type action:
Here the PST scalar field a is contained in the M5-brane case as a modification of the usual DBI action. The L WZ part is the Wess-Zumino term
4) 5) where C 3 and C 6 are bosonic terms defined by
The Wess-Zumino term L WZ can be expressed as 6) where the symbols with "hat" implies that the fermionic variable θ is rescaled as θ → tθ . Here we have used the fact that H does not depend on θ because H is the world-volume gauge field strength independent of X and θ . Next, we will consider the Dirichlet branes in the next subsection.
Dirichlet brane of M5-brane on AdS
Now we shall consider Dirichlet branes of an open M5-brane on the AdS 4/7 × S 7/4 by examining the κ-variation of the action L . The definition of the κ-variation of a is δ κ a = 0 , which implies that the κ-variation surface term of v i vanishes because δ κ v i = · · · δ κ g ij . On the other hand, the κ-variation of H ijk produces no surface term because the κ-variation of B is defined so as to absorb the κ-variation surface term of A 3 and thus δ κ H ijk includes no surface term. Hence, δ κ L 0 does not contribute to the κ-variation surface term.
The κ-variation surface term of L comes from L WZ in (4.6). The contribution from the bosonic terms can be deleted by having additional degrees of freedom on the boundary. Noting that δ κ H produces no surface term and the surface term of δ κ E A vanishes, the surface term takes the form:
The vanishing condition for the second term is that
for a generic H at the boundary. This condition is nothing but the vanishing condition examined in the last section. If we can take the vanishing configuration H = 0 at the boundary, an alternative condition is that 9) and this condition leads to the same brane configurations derived from the condition (4.8). Thus the Dirichlet brane configurations of an M5-brane must lie in that of an M2-brane obtained before.
Under the 1/2 SUSY conditions examined in the last section, the conditions to vanish the surface term (4.7) areθ
However this condition is not satisfied 
Conclusion and Discussion
We have promoted a study of an open supermembrane on the AdS 4/7 × S 7/4 backgrounds. The classification of 1/2 SUSY Dirichlet branes, given at the fourth order analysis with respect to θ , has been shown to be valid even at full order of θ . The full order proof here supplements our previous result. The classification of 1/2 SUSY Dirichlet branes on the pp-wave background, which is given at the fourth order of θ in [21] , has been also revisited and has been shown to be valid at full order of θ in the same way as the AdS 4/7 × S 7/4 cases, in spite of the existence of several configurations sitting outside the origin.
In addition we have considered Dirichlet branes of an open M5-brane on the AdS 4/7 × S 7/4 .
By using the PST action of the M5-brane and following the M2-brane analysis, it has been
shown that the open M5-brane cannot have 1/2 SUSY Dirichlet branes. This is the case even in flat space.
It would be also interesting to consider D-brane with boundary (i.e., open D-brane) in type IIB string theory on the AdS 5 × S 5 , according to our method while we have discussed open M5-brane in this paper. We will report on this issue in the near future [34] .
SO(10, 1) Clifford Algebra
We denote a 32-component Majorana spinor as θ, and the SO(10, 1) gamma matrices Γ A 's satisfy the SO(10, 1) Clifford algebra
where the light-cone components of the SO(10, 1) gamma matrices are
We shall choose Γ A 's such that Γ 0 is anti-hermite matrix and others are hermite matrices. In this choice the relation (Γ A ) † = Γ 0 Γ A Γ 0 is satisfied. The charge conjugation of θ is defined by
whereθ is the Dirac conjugation of θ and is defined byθ ≡ θ † Γ 0 . The charge conjugation matrix C satisfies the following relation:
For an arbitrary Majorana spinor θ satisfying the Majorana condition θ C = θ, we can easily show the formulaθ
That is, the charge conjugation matrix C is defined by C = Γ 0 in this representation. The Γ A 's are real matrices (i.e., (Γ A ) * = Γ A ). We also see that Γ r (r = 1, 2, ..., 9) and Γ 10 are symmetric and Γ 0 is skewsymmetric.
